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Propagation of convergence orders 

 𝛾𝛾-order pointwise convergence of a scheme of relaxations 
implies (𝛾𝛾 ≤)𝛽𝛽-order Hausdorff convergence of the scheme 
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 Sufficient conditions for first-order convergence 
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 Sufficient conditions for second-order convergence 
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More Definitions 
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 Strict local minimum 

 
 

 
 Nonisolated feasible point 

 
 
 Set of active inequality constraints 

{ }0, ,  the set ( ) :

is called the neighborhood of  in  with respect 

Let 

to the 

. For any

norm.

 n p
p

X p x z X z x

x X p

x αα α

α

∈ ⊂ > ∈ = ∈ − <

− −

  

2

( ) is called a strict local minimum if  is a local minimum
and 0 such that ( ) ( ),  ( ) ( ) s.t. 
A p

.
oint x X x

f x f x x x X x xαα

∈

∃ > > ∀ ∈ ∩ ≠



 

2( ) is said to be nonisolated if 0,  A feasib ( ) ( )le point  s.t. .x X z x X z xαα∈ ∀ > ∃ ∈ ∩ ≠  

{ }{ }
( ) be a feasible point. The set of active inequality constraints at  is given by

                              ( ) 1, , .

Let 

: ( ) 0I j

x X x

x j m g x

∈

= ∈ =







47 

{ }
{ }5

3  which are "nearly feasible" and have "good objectiv

 which are feasible and

e val

 "nearly optimal

u

"

e" ,

.X x

X x X

X= ∈

= ∈

First-Order Clustering in 𝑿𝑿𝟓𝟓 



48 

{ }
{ }5

3  which are "nearly feasible" and have "good objectiv

 which are feasible and

e val

 "nearly optimal

u

"

e" ,

.X x

X x X

X= ∈

= ∈

{ }* 1 *: 1

*

* T

0 s.t. ( ( ( )

1 *

) )

ˆ 5

,

Lemma: Suppose  is a nonisolated feasible point and 
                   

0
             i

 s.t.
( ) 0.

ˆ (0, ] s.t. the r

nf

Then egion  )  is ove e t( r s

d d tdt x x X
f x d

x X

x
L

α

α

α

α α

= +∃ > ∈ ∩

∃ >

∇ >

∈

=

∃ ∩

 



{ }1 * *
ˆ5 1

imated by

                              ) :ˆ .( 2x L xX xxα ε= ∈ ≤−

First-Order Clustering in 𝑿𝑿𝟓𝟓 



49 

{ }
{ }5

3  which are "nearly feasible" and have "good objectiv

 which are feasible and

e val

 "nearly optimal

u

"

e" ,

.X x

X x X

X= ∈

= ∈

{ }* 1 *: 1

*

* T

0 s.t. ( ( ( )

1 *

) )

ˆ 5

,

Lemma: Suppose  is a nonisolated feasible point and 
                   

0
             i

 s.t.
( ) 0.

ˆ (0, ] s.t. the r

nf

Then egion  )  is ove e t( r s

d d tdt x x X
f x d

x X

x
L

α

α

α

α α

= +∃ > ∈ ∩

∃ >

∇ >

∈

=

∃ ∩

 



{ }1 * *
ˆ5 1

imated by

                              ) :ˆ .( 2x L xX xxα ε= ∈ ≤−

First-Order Clustering in 𝑿𝑿𝟓𝟓 

3 0

min  

 s.t.  ,
       [ 1,1].

x
x

x
x

−

∈ −
≤



50 

{ }
{ }5

3  which are "nearly feasible" and have "good objectiv

 which are feasible and

e val

 "nearly optimal

u

"

e" ,

.X x

X x X

X= ∈

= ∈

{ }* 1 *: 1

*

* T

0 s.t. ( ( ( )

1 *

) )

ˆ 5

,

Lemma: Suppose  is a nonisolated feasible point and 
                   

0
             i

 s.t.
( ) 0.

ˆ (0, ] s.t. the r

nf

Then egion  )  is ove e t( r s

d d tdt x x X
f x d

x X

x
L

α

α

α

α α

= +∃ > ∈ ∩

∃ >

∇ >

∈

=

∃ ∩

 



{ }1 * *
ˆ5 1

imated by

                              ) :ˆ .( 2x L xX xxα ε= ∈ ≤−

First-Order Clustering in 𝑿𝑿𝟓𝟓 

,

2

min  

 s.t.  ,
       [ 1,1]

0
, , .[ 1 1]

x y
y

x y
x y∈ −

− ≤
∈ −



51 

First-Order Clustering in 𝑿𝑿𝟓𝟓 

{ }* 1 *

*

* T

0 s.t: 1, ) ). ( ( ( )

1 *
ˆ 5

Lemma: Suppose  is a nonisolated feasible point and 
                   inf

Then )  is overestimated by

   

0 s.t.
( ) 0.

ˆ (0, ] s.t. the regi n (

 

o

t x x Xd d td
f x d

x X

L
x

α

α

α

α α

∃ > ∈ ∩= +

∃ >

∇

∩

= >

∃ ∈

 



{ }5
1 * *
ˆ 1

               ) : .( 2X̂ x xL xxα ε∈ ≤= −

*

* *

1

1

0

1

*

*
11

1

2,  .

2 ,  then let 1.
2 22. If  for some  with ,  2 6,  then let

1
3   

Th

 2 2 .
3

3. Otherwise, let

    

eorem: Let 

1. I

2

f 

m

i

n

i

r

r N
r r m m n m

m m
n mN n

N

L

L

i

β

β β

τ

τ

ε εδ

δ

δ

ε

−

=

−
−

 = = 
 

≥ =

> ≥ ∈ ≤ ≤ ≤
−

  − = +



    

=


 
  

∑



* * * *
1 1 1 11 1

1*1

5

1

* 2 .

 is an upper bound on the number o ˆ

2

 required to cf boxes of width over .

L Ln

N X

β β β βετ τ ε

δ

− −
− −

−     
 +   
        



52 

First-Order Clustering in 𝑿𝑿𝟓𝟓 

{ }* 1 *

*

* T

0 s.t: 1, ) ). ( ( ( )

1 *
ˆ 5

Lemma: Suppose  is a nonisolated feasible point and 
                   inf

Then )  is overestimated by

   

0 s.t.
( ) 0.

ˆ (0, ] s.t. the regi n (

 

o

t x x Xd d td
f x d

x X

L
x

α

α

α

α α

∃ > ∈ ∩= +

∃ >

∇

∩

= >

∃ ∈

 



{ }5
1 * *
ˆ 1

               ) : .( 2X̂ x xL xxα ε∈ ≤= −



53 

{ }T T T

*

* 2 * * 2 *

2 *
ˆ 5

Lemma: Suppose  is a nonisolated feasible point and 
1) (

0, 0 s.t.

                 ( : ( ( ( ) .

ˆ (0, ] s.

) ,   ) )
2

Then )  is overest. the region timat( ed by

f x d d x x

x

d d f X

x

d d

X

x d d α

α

α γ

γ

α α

∃ > >

∇ ∇ ≥ ∀ ∈ ∈ ∩

∃ ∈ ∩

+ +  



{ }2 * *
ˆ5

2

2
                             : .2)( ˆ x xX x xα γ ε= ≤−∈

Second-Order Clustering in 𝑿𝑿𝟓𝟓 



54 

{ }T T T

*

* 2 * * 2 *

2 *
ˆ 5

Lemma: Suppose  is a nonisolated feasible point and 
1) (

0, 0 s.t.

                 ( : ( ( ( ) .

ˆ (0, ] s.

) ,   ) )
2

Then )  is overest. the region timat( ed by

f x d d x x

x

d d f X

x

d d

X

x d d α

α

α γ

γ

α α

∃ > >

∇ ∇ ≥ ∀ ∈ ∈ ∩

∃ ∈ ∩

+ +  



{ }2 * *
ˆ5

2

2
                             : .2)( ˆ x xX x xα γ ε= ≤−∈

Second-Order Clustering in 𝑿𝑿𝟓𝟓 

,

2

min  

 s.t.  ,
       [ 1,1]

0
, , .[ 1 1]

x y
y

x y
x y∈ −

− ≤
∈ −



55 

Second-Order Clustering in 𝑿𝑿𝟓𝟓 

{ }T T T

*

* 2 * * 2 *

2 *
ˆ 5

Lemma: Suppose  is a nonisolated feasible point and 
1) (

0, 0 s.t.

                 ( : ( ( ( ) .

ˆ (0, ] s.

) ,   ) )
2

Then )  is overest. the region timat( ed by

f x d d x x

x

d d f X

x

d d

X

x d d α

α

α γ

γ

α α

∃ > >

∇ ∇ ≥ ∀ ∈ ∈ ∩

∃ ∈ ∩

+ +  



{ }2 * *
ˆ5

2

2
                             : .2)( ˆ x xX x xα γ ε= ≤−∈

,

4

min  

 s.t.  ,
       [ 1,1]

0
, , .[ 1 1]

x y
y

x y
x y∈ −

− ≤
∈ −



56 

Second-Order Clustering in 𝑿𝑿𝟓𝟓 

{ }T T T

*

* 2 * * 2 *

2 *
ˆ 5

Lemma: Suppose  is a nonisolated feasible point and 
1) (

0, 0 s.t.

                 ( : ( ( ( ) .

ˆ (0, ] s.

) ,   ) )
2

Then )  is overest. the region timat( ed by

f x d d x x

x

d d f X

x

x d d d

X

d α

α

γ

γ

α

α α

∃ > >

∇ ∇ ≥ ∀ ∈ ∈ ∩

∃ ∈ ∩

+ +  



{ }2 * *
5 ˆ

2

2
                             : .2)( ˆ x xxX xα εγ= ≤−∈



57 

{ }
1

1
*

T

*
1

* T

*

x )\ (

Lemma: Suppose  is a constrained minimizer and 

                                   inf

                                  

0 and a set  s.t.

( ) 0,

max max inf ( )
I

Id

I

f

j
jd

f x d

g

x
L

L x d

α

∈ ∩

∈ ∈

∃ >

∇=

∇=

>
 

  



{ }
{ }{ }

{ }

*

1, ,

* 1 * C
1

T, ( )

 is defined as

                               

max 0,

where 

0 s.t. ( ( ( ) .    : 1, ) )

Ek m

I

I

kh

t x x X

x d

d d td α

∈

=

∇ >

∃ > ∈ ∩= +





  

{ }
{ }5

3  which are "nearly feasible" and have "good objectiv

 which are feasible and

e val

 "nearly optimal

u

"

e" ,

.X x

X x X

X= ∈

= ∈

First-Order Clustering in 𝑿𝑿𝟑𝟑 



58 

{ }
1

1
*

T

*
1

* T

*

x )\ (

Lemma: Suppose  is a constrained minimizer and 

                                   inf

                                  

0 and a set  s.t.

( ) 0,

max max inf ( )
I

Id

I

f

j
jd

f x d

g

x
L

L x d

α

∈ ∩

∈ ∈

∃ >

∇=

∇=

>
 

  



{ }
{ }{ }

{ }

*

1, ,

* 1 * C
1

T, ( )

 is defined as

                               

max 0,

where 

0 s.t. ( ( ( ) .    : 1, ) )

Ek m

I

I

kh

t x x X

x d

d d td α

∈

=

∇ >

∃ > ∈ ∩= +





  

{ }
{ }5

3  which are "nearly feasible" and have "good objectiv

 which are feasible and

e val

 "nearly optimal

u

"

e" ,

.X x

X x X

X= ∈

= ∈

First-Order Clustering in 𝑿𝑿𝟑𝟑 

4 3 2

4

,

3 2

min  

 s.t.  8 8 ,
       32 88 96 36,
       [0,3],  [0, 4

4
.

2 2

]

x y

x
x

x y

y x x
y x x x
x y

− −

− +≤ +

≤ − + − +
∈ ∈



59 

{ }
{ }*

1

1

*
1

* T

* *

\ 1, ,(x

T T

)

Lemma: Suppose  is a constrained minimizer and 

                         inf

              

0 and a set  s.t.

( ) 0,

max max ma           inf ( ) x, ( )
I

I

E

d

I k

f

j k mjd

f x d
x

L

L x d h xg

α

∈ ∩

∈ ∈∈

∃ >

∇ >

= ∇

=

∇


 

  



{ }{ }
{ }

{ }

* 1 * C
1

1 * * 1 * C
ˆ ˆ 13

 is defined as

                         : 1, ) )

0,

where 

0 s.t. ( ( ( ) .

ˆ (0, ] s.t. thThen 

) ) ) , 0  

is overestimated b

e region 

       ( ( ( ( ) :

y

 

I

I

I

t

d

d d td

td t

x x X

x X x x x X d

α

α α

α α

>

∃ > ∈ ∩

∃ ∈

= = +

+ >∩ ∩ = ∈ ∩ ∈ ∩



  

    

{ }

{ }

{ }

1 * * o
ˆ 1

1 * * 1 * C
ˆ ˆ

1 * * f
ˆ 1

1
3

2

1

3

3

                  ) :

and the region 

      ) ) ) , 0  

is overestimated by

      

(

  

2

( ( ( ( ) : \

( 2           ) : .

ˆ

ˆ

f

I

I

x L x x

td t

x L

x

x X x x x

X

d

X

x x x

X

α

α α

α

ε

ε

∈ ≤

∩ ∩ =

= −

+ >

= −

∈ ∩ ∈

∈ ≤



    



{ }
{ }5

3  which are "nearly feasible" and have "good objectiv

 which are feasible and

e val

 "nearly optimal

u

"

e" ,

.X x

X x X

X= ∈

= ∈

First-Order Clustering in 𝑿𝑿𝟑𝟑 



60 

First-Order Clustering in 𝑿𝑿𝟑𝟑 

{ }
{ }*

1

1

*
1

* T

* *

\ 1, ,(x

T T

)

Lemma: Suppose  is a constrained minimizer and 

                         inf

              

0 and a set  s.t.

( ) 0,

max max ma           inf ( ) x, ( )
I

I

E

d

I k

f

j k mjd

f x d
x

L

L x d h xg

α

∈ ∩

∈ ∈∈

∃ >

∇ >

= ∇

=

∇


 

  



{ }{ }
{ }

{ }

* 1 * C
1

1 * * 1 * C
ˆ ˆ 13

 is defined as

                         : 1, ) )

0,

where 

0 s.t. ( ( ( ) .

ˆ (0, ] s.t. thThen 

) ) ) , 0  

is overestimated b

e region 

       ( ( ( ( ) :

y

 

I

I

I

t

d

d d td

td t

x x X

x X x x x X d

α

α α

α α

>

∃ > ∈ ∩

∃ ∈

= = +

+ >∩ ∩ = ∈ ∩ ∈ ∩



  

    

{ }

{ }

{ }

1 * * o
ˆ 1

1 * * 1 * C
ˆ ˆ

1 * * f
ˆ

1
3

2
3 1

3 1

( 2

(

ˆ                  ) :

and the region 

      ) ) ) , 0  

is overestimated by
ˆ           

( ( ( ) : \

        ) : .( 2

I

I

fX x L x x

td t

X x L

x

x X x x x X d

x x x

α

α α

α

ε

ε

∈ ≤

∩ ∩ =

= −

+ >

= −

∈ ∩ ∈

∈ ≤



    





61 

First-Order Clustering in 𝑿𝑿𝟑𝟑 

{ }
{ }*

1

1

*
1

* T

* *

\ 1, ,(x

T T

)

Lemma: Suppose  is a constrained minimizer and 

                         inf

              

0 and a set  s.t.

( ) 0,

max max ma           inf ( ) x, ( )
I

I

E

d

I k

f

j k mjd

f x d
x

L

L x d h xg

α

∈ ∩

∈ ∈∈

∃ >

∇ >

= ∇

=

∇


 

  



{ }{ }
{ }

{ }

* 1 * C
1

1 * * 1 * C
ˆ ˆ 13

 is defined as

                         : 1, ) )

0,

where 

0 s.t. ( ( ( ) .

ˆ (0, ] s.t. thThen 

) ) ) , 0  

is overestimated b

e region 

       ( ( ( ( ) :

y

 

I

I

I

t

d

d d td

td t

x x X

x X x x x X d

α

α α

α α

>

∃ > ∈ ∩

∃ ∈

= = +

+ >∩ ∩ = ∈ ∩ ∈ ∩



  

    

{ }

{ }

{ }

1 * * o
ˆ 1

1 * * 1 * C
ˆ ˆ

1 * * f
ˆ

1
3

2
3 1

3 1

( 2

(

ˆ                  ) :

and the region 

      ) ) ) , 0  

is overestimated by
ˆ           

( ( ( ) : \

        ) : .( 2

I

I

fX x L x x

td t

X x L

x

x X x x x X d

x x x

α

α α

α

ε

ε

∈ ≤

∩ ∩ =

= −

+ >

= −

∈ ∩ ∈

∈ ≤



    



{ }

*
1

*

1 * * 1 * C
ˆ

*

3 ˆ

5

1

ˆFurthermore, suppose  is at the center of a box, , of width  placed while covering 

Then the region 

                ( ( ) ) ) ,( ( ) : \ 0  

is 

\

overest

.

Ix X x x td tx X d B

x B X

δα

β

δ

α

εδ
τ

∩ ∩ += ∈

 =  


∈ >∩



    

{ }( ) { } { }( ){ }1 * f
ˆ

imated by

                ) : max( , ( ) ,( ) 0 ,
4

, Im ILd d hx xxx gα δ ε−

  ∈ ∈    




62 

First-Order Clustering in 𝑿𝑿𝟑𝟑 

{ }
{ }*

1

1

*
1

* T

* *

\ 1, ,(x

T T

)

Lemma: Suppose  is a constrained minimizer and 

                         inf

              

0 and a set  s.t.

( ) 0,

max max ma           inf ( ) x, ( )
I

I

E

d

I k

f

j k mjd

f x d
x

L

L x d h xg

α

∈ ∩

∈ ∈∈

∃ >

∇ >

= ∇

=

∇


 

  



{ }{ }
{ }

{ }

* 1 * C
1

1 * * 1 * C
ˆ ˆ 13

 is defined as

                         : 1, ) )

0,

where 

0 s.t. ( ( ( ) .

ˆ (0, ] s.t. thThen 

) ) ) , 0  

is overestimated b

e region 

       ( ( ( ( ) :

y

 

I

I

I

t

d

d d td

td t

x x X

x X x x x X d

α

α α

α α

>

∃ > ∈ ∩

∃ ∈

= = +

+ >∩ ∩ = ∈ ∩ ∈ ∩



  

    

{ }

{ }

{ }

1 * * o
ˆ 1

1 * * 1 * C
ˆ ˆ

1 * * f
ˆ

1
3

2
3 1

3 1

( 2

(

ˆ                  ) :

and the region 

      ) ) ) , 0  

is overestimated by
ˆ           

( ( ( ) : \

        ) : .( 2

I

I

fX x L x x

td t

X x L

x

x X x x x X d

x x x

α

α α

α

ε

ε

∈ ≤

∩ ∩ =

= −

+ >

= −

∈ ∩ ∈

∈ ≤



    



{ }

*
1

*

1 * * 1 * C
ˆ

*

3 ˆ

5

1

ˆFurthermore, suppose  is at the center of a box, , of width  placed while covering 

Then the region 

                ( ( ) ) ) ,( ( ) : \ 0  

is 

\

overest

.

Ix X x x td tx X d B

x B X

δα

β

δ

α

εδ
τ

∩ ∩ += ∈

 =  


∈ >∩



    

{ }( ) { } { }( ){ }1 * f
ˆ

imated by

                ) : max( , ( ) ,( ) 0 ,
4

, Im ILd d hx xxx gα δ ε−

  ∈ ∈    




63 

First-Order Clustering in 𝑿𝑿𝟑𝟑 

( )I 2* If I

1 11 1

f

1
f o

*

'

o

I I

f 2 2, ,  ,  .
4 4

2 ,  then let 

Theorem: Suppose the condit

1.

ions of the Lemma hold. 

Let 

1. 

22. If 
1

If 

I I
f I I f

I

I I

I

I

I
f

I

I

L rL r
L L

r N

r
m

ββ β β βδε ε εδ δ δ
τ τ

ε ε
τ

δ

τ τ

δ

       = = = = = =        
        

≥ =

>
−

=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
I I II I

'

II I I2 2 2

12 2

1 '
' '

'
0

1 1 11 1 1
22 2 2

I I If f f

2 3 for some  with ,  2 6,  then let 2 2 .
3

3. Otherwis 0.5 0.5e,  2 0.25

Im
iI I

I I I I
iI

I

n

I I I

i

L L

nr mm m n m N n
m

N n Lβ β ββ β ββ β βε ε ετ τ τ

−

=

−− −
−

− −−

   −
≥ ∈ ≤ ≤ ≤ =

    
= +    


+   
  

     





∑

( ) ( ) ( ) ( )ff f fo

111

1

1

0

11 1f f o

2 ,  then let 1.

2 2 3
5. If  for some  with ,  2 6,  then let 2 2 .

1 3

6. Otherwise,  

.

4. If 

2 2

f

f f f

m
f f fi

f f f f f
if

f

f

f

n

r N

r r m
i
n

m m n m N n
m m

N L ββ β βετ τ ε

δ

δ

−
−

−

=

−

≥ =

−  
> ≥ ∈ ≤ ≤ ≤ = +   −    

 
 
   

 
=  
  

∑

( ) ( )f ff f f

1 11
f o

2

1 1

3

1

5

2

 is an upper bound on the number of boxes o ˆf width  and

 is an upper bou

.

 required to cover

nd on the number of boxes of width 

ˆ\ 

 re
I I

f f

f fL n L

N

N

XX

β ββ β βε

δ

δ

τ
− −− −    

 +   
        

1
3quired to c er ˆ .ov X



64 

First-Order Clustering in 𝑿𝑿𝟑𝟑 



65 

Second-Order Clustering in 𝑿𝑿𝟑𝟑 

*

*
1 2 1

* T T 2 * T
1 1

* T T 2 *

x )(

0,  and a set  Lemma: Suppose  is a constrained minimizer and 0, 0,

             

s.t.
1( ) ,     
2

1max

    ( ) ,

                 g ( )max ( )
2

,

I

j j
j

f x d d d

g x d

x

f x d

xd

d d

d

α γ γ

γ

∈

∃ >

∇ + ∇ ≥ ∀ ∈ ∩

 ∇ +

>

∇

>

 
 



 

{ }

{ }

* T T 2 * T
2 11, ,

* 2 * C

2 * *
ˆ ˆ3

h ( ) ,

 is defined as

                    

1max ( ) ,     \
2

where 

( ( ( ) .

ˆ (0, ] s.t. the region 

   

     : ) )

Then 

)    ( )(

E
k kk m

I

I

Ih x d d d

x x X

x X x

x d

d d

x

d d

d

α

α

γ

α α

∈

  
∇ + ∇ ≥ ∀ ∈  

  

∈ ∩

∃ ∈

∩ ∩

=

∈

+

+=



 



  

 { }

{ }

{ }

2 * C
1

2 * * o
ˆ 1

2 * * 2 * C
ˆ

21
3 2

3 1

2

ˆ

ˆ3

)  

is overestimated by

ˆ                   ) :

and the region

( ( ) :

( 2

( ( ( ( )

 

      ) ) )  

is overestimated by

ˆ                

: \

   

I

Ix X d

x

x X x

X x x x

d

X

x x X d

x

α

α

α α

α

γ ε

∩ ∈ ∩

∈ ≤

∩

= −

+∩ = ∈

=

∩ ∈

∈

  



    

{ }

{ }

*

22 * * f
2

2 * * 2 *

2

3 1ˆ

1

5

C
ˆ

*
*

ˆFurthermore, suppose  is at the center of a box, , of width  pla

) : .

Then the region 

                

( 2

( ) )(

ced while covering

( ( ) : \

 .

) I

x

x X

x x

d x

x B

x X d

X

x

β

α α

δ

γ

εδ
τ

ε≤

∩ ∩ = ∈ ∩

 = 


−




+ ∈    

{ }( ) { } { }( ){ }2 * 2 f2
ˆ

 

is overestimated by

                ) :

\

( , ( ) , 0max ( ) .
8

, ,Im

B

xx d g x d h x

δ

α
γ δ ε−

  ∈ ∈    




66 

2

4

,
min  12 7

 s.t.  2 2 ,
       [0, 2],  [

0
0,3].

x y
y x y

y x
x y

− −

+ − =
∈ ∈

Revisiting the motivating examples 



67 

4 3 2

4

,

3 2

min  

 s.t.  8 8 ,
       32 88 96 36,
       [0,3],  [0, 4

4
.

2 2

]

x y

x
x

x y

y x x
y x x x
x y

− −

− +≤ +

≤ − + − +
∈ ∈

Revisiting the motivating examples 



68 

Summary 

 Illustrated the cluster problem (or lack thereof) in constrained 
optimization as motivation for analysis 
 

 Proposed a notion of convergence order for convex relaxation-
based lower bounding schemes for constrained problems 
 

 Established sufficient conditions for first-order and second-
order convergence of convex relaxation-based lower bounding 
schemes to mitigate clustering 
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