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Reduced-Space B&B Formulation 

 
 
 
 
 
 
 

 Some widely-applicable reduced-space B&B algorithms are 
 Dür’s Lagrangian duality-based B&B algorithm (2001) 

 Epperly and Pistikopoulos’ convex relaxation-based B&B algorithm for 

problems with special structures (1997) 
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Epperly, T. G. W. and Pistikopoulos, E. N., J. Global Optim., 1997. 



Reduced-Space Convergence Order 

 Convergence order of a lower bounding scheme 
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 Convergence order of a lower bounding scheme 
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An argument for constraint propagation 
in reduced-space B&B algorithms 
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An argument for constraint propagation 
in reduced-space B&B algorithms 

 Consider solving 
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The algorithms of Epperly and Pistikopoulos 
and Dür are first-order convergent 
on 𝑌𝑌 in the absence of constraint 
propagation, and will result in clustering. 

,
min  

 s.t.  ,
       [ 1,1],  [0,1].

1
x y

x

xy

x y
y

−

+
∈ − ∈

≤

( ) min  

             s.t.  ,
                   [ 1,1

1
].

x
xy

x y

v y

x
≤
∈ −

−

= −

min  ( )

 s.t.  [0,1].
y

v y

y∈



2

,

2 2 2

Consider the unconstrained problem
               min  2 ( 0.5)

                 s.t.  [ 1,1],  [0,1]
and the corresponding reduced-space lower bounding scheme (Epperly and Pistikopoulos

x y
x x y xy y

x y

+ − + −

∈ − ∈

( ) ( ) ( ) ( )( ) ( ) ( )

2 2
1 2

2 L 2 U U
1 1

2 2 2 2 22 U U L U L L L L
2

,

2

)
               min  2 ( 0.5)

                 s.t.   ,                                 ,

                        ,        ,

         

x y
x w w y

w y w y y

w x y y w y y y

x y x

xy y yy y

+ + + −

−

− −

≥ ≥ +

≥ ≥ − − + − − +
L U[    1,     1],      , ].[y yx y∈ − ∈

Issues in reduced-space B&B algorithms 



2

,

2 2 2

Consider the unconstrained problem
               min  2 ( 0.5)

                 s.t.  [ 1,1],  [0,1]
and the corresponding reduced-space lower bounding scheme (Epperly and Pistikopoulos

x y
x x y xy y

x y

+ − + −

∈ − ∈

( ) ( ) ( ) ( )( ) ( ) ( )

2 2
1 2

2 L 2 U U
1 1

2 2 2 2 22 U U L U L L L L
2

,

2

)
               min  2 ( 0.5)

                 s.t.   ,                                 ,

                        ,        ,

         

x y
x w w y

w y w y y

w x y y w y y y

x y x

xy y yy y

+ + + −

−

− −

≥ ≥ +

≥ ≥ − − + − − +
L U[    1,     1],      , ].[y yx y∈ − ∈

Issues in reduced-space B&B algorithms 



Summary 

 Illustrated the cluster problem (or lack thereof) in constrained 
optimization as motivation for convergence order analysis 
 

 Proposed a notion of convergence order for lower bounding 
schemes for constrained problems 
 

 Established sufficient conditions for first-order and second-
order convergence of convex relaxation-based lower bounding 
schemes 
 

 Highlighted limitations in widely applicable reduced-space 
branch-and-bound algorithms 
 Demonstrated the importance of constraint propagation towards mitigating 

the cluster problem 
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