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Two-Stage Stochastic MINLP Framework

0 Scenario-based formulation

Probability of
scenario h
m1n thfh (xh,y,z) Minimize the expected cost

X\ V2

S.t. g, (xh,y,Z) < (), Vh e {1’...95} : Constraints for all scenarios

Ry, ny, Second-stage decisions
thXhC{O’l} xR, ‘v’he{l,---,s}, for all scenarios

veYc {O,l}ny ,ze /Z c R™. First-stage decisions
o The solution times of algorithms implemented in commercial

general-purpose global optimization software are worst-case
exponential in the number of scenarios
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Decomposition Strategy #1

Complicating Variables Viewpoint

Variable
min thﬁz(xhayaz)
Xy tsXg o Vo2 P 1
s.t. g,(x,,0,2) <0, Vhe{l,---,s}, Scenario 2
(Constraint)
Complicating X, € X, Vhe {1’ ’S}’
variables yeY, zeZ. S
min p, f,(x,,,2) n}cin Pt (%, 3,2) min p_f (x,,y,z)
s.t. g,(x,,,2z) <0, s.t. g,(x,,»,z) <0, s.t. g (x,,y,2z) <0,
x €X,. X, € X x eX..
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Decomposition Algorithms
Nonconvex Generalized Benders Decomposition (NGBD)

PP
Subproblem 1
T T T T TS ~ (PPy)
! Primal Problem | Decomposition o .
o 5 o Upper Bounding
N , s Problem
Subproblem s
.. (PP,)
Restriction ‘
- Fixing integer
realization
y T'l:e ?iriii‘ll;‘w Lower Bounding
ochastic
®) Problem (GBD)
. . PBP PBP FP
Convexification Subproblem 1 Subproblem s Subproblem 1 © | Subproblem s
- Convexification of (PBP,) (PBP) (FP,) (FP,)
nonconvex functions

Decomposition
Restriction hmmm i m—m i — - -
- Fixing integer realization :
1
1
1

i >

Projection and

Primal Bounding
Problem (PBP)

Problem (LBP)

f
i Lower Bounding
I
I

Dualization
[Tttt mmms ~ Relaxation
' Master Problem | - Finite subset of constraints Relaxed Master
! (MP) P > Problem (RMP)

Decomposition

i
i Feasibility Problem
' (FP)

1
I
I
I
I

Feasibility Relaxed
Master Problem
(FRMP)

Li, X. et al., J. Optimiz. Theory. App., 2011.
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Decomposition Algorithms
Nonconvex Generalized Benders Decomposition (NGBD)

: N Original Problem:
o thhfh(xh’y) Nonconvex MINLP
PNy

s.t. g,(x,,y) <0, ‘v’he{l,---,s},
x,€X, C{O,l}n"" xR™ | ‘v’he{l,---,s},

yeYc {O,I}Hy :
Convexification
N - T Lower Bounding
min X,,q,)+cC
p ;ph[ v (%) y’hy] Problem:
ool N MILP/Convex MINLP
Solve using GBD! s.t. g, (xh,qh)"‘By,hy <0, Vhe {1,'“,5},
(X)-4,) € conV(X,)xQ,, Vhe{l,---,s},
yE {O,l}ny :

Li, X. et al., J. Optimiz. Theory. App., 2011. 6



Decomposition Strategy #2

Complicating Constraints Viewpoint

Formulation E
miny zphjfh(xhayaz)
X, Xg, V2 el

s.t. g,(x,,y,z) <0, ‘v’he{l,---,s},

x,€X,, Vhell,,s},
veY,zelZ.

Equivalent min thfh(xh,yh,zh)

Formulation % 95
)ﬁf"a)’s, .
2y, 2, Constraint

s.t. gh(xhayhbzh)soa \v/h E{l,"',S},

Complicating Vi = Yin =0, Vhel s —1f,

constraints z,-z2,,=0, Vhe {1,...,5 _1} ,

x,eX,, v, €Y, z, ez, ‘v’he{l,-o-,s}.

Scenario
(Variable)

1

2
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Decomposition Strategy #2

Complicating Constraints Viewpoint

min p,f,(x, 1,2, min p, £, (%, 5.2 min p, f, (%, ¥ ;)
X014 XpsVhoZh XsoVssZs
s.t. g,(x,,»,,z,) <0, st. g,(x,,,,2,) <0, st. g (x,,y,z) <0,
x,eX,yeY,ze” x,eX,,y, €Y,z eZ. x,eX,y e,z el.

oo o e oo Scenario
(Variable)

Equivaler_mt min thfh(xh»yhazh) 1
Formulation e el
ez Constraint 2
s.t. 2,(x,,0,,2,)<0, Vhe{l,---,s},
S

x,eX,, v, €Y, z, ez, ‘v’he{l,-o-,s}.
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Decomposition Algorithms
Lagrangian Relaxation (LR)
xmin thfh(xhﬂy}ﬁzh)
VI el
e
s.t. gh('xhayhazh)goa VhE{l,"',S},
Vi~V =0, Vhe {1""’S_1}’ } Non-anticipativity
z,—2,, = O, Ve {1,.”,5,_1}, constraints
x,€X,,yv,€Y,z,€Z Vhe {1,---,3}.
Dualize the
nonanticipativity
constraints
s—1
su mm X, ,V,,2, )+ ++ /1 Z+
1, El Z_:phfh( Vi) Z'uh R el "7 | The inner minimization
VA ;11 Zy can be decomposed
into independent
st. g,(x,,v,,2,)<0, Vhe {1,---,S} , scenario problems
x,€X,,v,€Y, z,€Z Vh e{l,---,s}.

Guignard, M. et al., Math. Program., 1987.
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Our proposed approach (MLR) aims to leverage
the advantages of both NGBD and LR

o Upper bounds are generated using efficient local optimization
techniques that exploit the near-decomposable structure

o Lower bounds are generated by relaxing the complicating
constraints corresponding to the continuous first-stage variables z

5 s—1

. T
gmai( min thfh (x,,7,z,)+ Zﬂh (z,—z,.,)
1A | XX 4T h=1

y,Z] 3'”525

s.L. gh(xhayazh)soa VhE{l,"',S},
x,€X,, z,€Z, Vhe{l,---,s},

yeY.

Inner minimization can
be solved efficiently
using NGBD

o Convergence is guaranteed by B&B, where it is sufficient to
branch on the continuous first-stage variables z to converge

» Convergence is accelerated potentially by using tailored decomposable

bounds tightening techniques

MLR = Modified Lagrangian Relaxation

10



GOSSIP

Overview and Motivation

o Software for the Global Optimization of nonconvex two-
Stage Stochastic mixed-Integer nonlinear Programs
» More than 100,000 lines of source code (primarily in C++)
» Links to state-of-the-art solvers, e.g., CPLEX, IPOPT, ANTIGONE
» Enables solution of large-scenario cases studies from the literature

o Motivation

PP

Subproblem 1
(CTTTTIT T \ (PP,
Primal Problem Decompositi
(PP) > o
------------ PP
Subproblem s
PP,
Restriction (PP
- Fixing integer
realization
The Original
Stochastic MINLP
®)

.
| Primal Bounding |
! Problem(PBP) ! | (FP)

\  Lower Bounding |

i . elaxation P——

! Master Problem ' - Finite subset of constraints Relaxed Master easibility Relaxed

i 1 Master Problem
(MP)  — Problem (RMP) e

Implementing decomposition algorithms
such as NGBD is a nontrivial task

Image adapted from Li et al.,
J. Global Optim., 2011

t”’
NGBD Wall Time .-
f“'
d”"
NGBD Solver Time 4
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scenarios

Naive implementations may
result in significant overhead
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GOSSIP

Model Reformulation

DAG Form Preprufessing
i f, z - - = a
1 A
USER-DEFINED " ! INPUT t‘ EXTENSIVE
MODEL i ' | PROBLEM I FORM
: * /J
: - L - o
PRIMAL
PROBLEM
----------------------- Relaxations
PRIMAL FEASIBILITY
BOUNDING ‘ PROBLEM
PROBLEM
RELAXED BOUNDS
MASTER - TIGHTENING
PROBLEM PROBLEMS

12
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Some of GOSSIP’s features
Automatic Structure Detection

t N2z 42z, =37

Scalable Bounds Tightening Techniques

-

/’ / 1 .
€ 0.30,3.25] z”° = max |min Z;jl
Sr hE{l,"-,S} XnsYsZp
1

s.t. g}czv('xhaya Zh) < Oa

x, € conv(X,),
veY, z e’
+ 2z 4z =3 __+/ [0.80,11.25]
1 2
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Computational Studies
Implementation Details

Platform

» CPU 3.5 GHz, Memory 6.0 GB, VMWare Workstation, GAMS 24.7.1, GCC
4.8.1, GFortran 4.8.1

GOSSIP Solvers

LP and MILP solver: CPLEX 12.6 (C library)
Global NLP solver: ANTIGONE 1.1 (C++ library)
Local NLP solver: IPOPT 3.12.8 (C++ library)
Bundle solver: MPBNGC 2.0 (Fortran library)

YV V VYV V

Methods for comparison

ANTIGONE 1.1, BARON 16.3.4, COUENNE 0.5, SCIP 3.2
Nonconvex generalized Benders decomposition (NGBD)
Lagrangian relaxation (LR)

Modified Lagrangian relaxation (MLR)

YV V VYV V

Relative tolerance: 1073, Absolute tolerance: 10~°
Time Limit: 10,000 seconds

14
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i Computational Study -

Design and Operation of a Natural Gas Network
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U e
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. .
r ~o T
! a3
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38 binary first-stage variables,

0 continuous first-stage variables,
93s continuous second-stage variables,
34s bilinear terms.

(s denotes the number of scenarios)

Li et al., AIChE Journal, 2011. 15
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i Computational Study -

Design and Operation of a Natural Gas Network
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Computational Study

Design and Operation of a Natural Gas Network
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Computational Study

Integrated Crude Selection and Refinery Operation
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100 binary first-stage variables,
0 continuous first-stage variables,
122s continuous second-stage variables,
26s bilinear terms.

(s denotes the number of scenarios)

Yang and Barton, AIChE Journal, 2016.
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Computational Study

Integrated Crude Selection and Refinery Operation
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1" Computational Study N

Integrated Crude Selection and Refinery Operation
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Computational Study

Tank Sizing and Scheduling for a Chemical Plant

L,

l Production Schedule

o R

e

Campaign 1 Product1l Empty Product 2
setup time Campaign

0 Dbinary first-stage variables,
3 continuous first-stage variables,
9s binary second-stage variables,

38s continuous second-stage variables,
3 signomial terms,

47s bilinear terms.

(s denotes the number of scenarios)

Rebennack et al., Comput. Chem. Eng., 2011.
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1" Computational Study B

Tank Sizing and Scheduling for a Chemical Plant
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Computational Study

Tank Sizing and Scheduling for a Chemical Plant
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Summary and Future Work

0 GOSSIP implements state-of-the-art decomposition
techniques for nonconvex stochastic programs

o Case studies demonstrate the advantages of the software
framework for solving large-scale problems

o Future work:

> Additional features such as polyhedral relaxations, piecewise-convex
relaxations, edge concave relaxations, RLT cuts

» Incorporate alternate decomposition techniques such as nonconvex
outer-approximation

o Please contribute to the test library (rohitk@alum.mit.edu).
Contributions will be acknowledged

24
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Decomposition Approaches

Formulation min th[ﬂ(xh)JrCyT,h)”rczT,hZ}
X5t Xg s Vs Z h=1

st. g,(x,)+B,,v+B,,z <0, ‘v’he{l,---,s},
Ay+4.z<d,_,
x,€X,, ‘v’he{l,---,s},

Complicating yeY, zeZ

variables

Equivalent  min th[fh(xh)+c;hyh+czhzh]
Formulation .-, !

Zl KE "ZS

s.t. g,(x,)+8B,,y,+B,,z, <0, Vhell,--,s},
Ayyh+Ath de’z, Vhe{l,---,s},
Complicating Vi = Vi =0, Vhe{l,---,s—l},
constraints 2, = Zy =0, Vhel{l,--,s—1},
x,€X,, €Y, z eZ, Vhe{l,---,s}.

5
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Decomposition Algorithms
Nonconvex Generalized Benders Decomposition

I;}in th [fh(xh)+c;r’hy} Original Problem:
R e Nonconvex MINLP
s.t. g,(x,)+B,,y <0, Vhe{l,---,s},
Ay<d,
x,€X, C{O,l}n’”’ xR™ Vhe{l,---,s},
erC{O,l}ny.
Fix the first-stage
variables
R T — Primal Problem:
Solve the xfnle th [fh (xh)JrCyahy] Nonconvex
scenario primal h=l NLP/MINLP
problems s.t. g,(x,)+8B,,y <0, Vhe{l,---,s},
independently

x, € X, c{0,1}" xR™, Vhe{l, s}

27



Decomposition Algorithms
Nonconvex Generalized Benders Decomposition

Update LB
M
Feasibility Cu
Relaxed Master
New Integer (MILP)
Realization

UB, PBUpper,

Problem b E—

Update
PBUpper

Optimality
Cut

Yes

Global solution or
infeasibility indication

Update UB,

PBUpper

Finite convergence to a
global optimum with a given
tolerance is guaranteed

28
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Decomposition Algorithms
Modified Lagrangian Relaxation

S

: T T
_min th [fh(xh)+cy,hy+cz,hzh]
1

I

axs 7ya h:1

st.  g,(x,)+B,,y+B,,z, <0, Vhe{l,---,s},
Ay+Az,<d,_, ‘v’he{l,---,s},
zZ,=2,.,, Vh e{l,---,s—l}, —> Non-anticipativity
constraints
x,eX,, z €Z, ‘v’he{l,---,s},
erc{O,l} ' Dualize the

nonanticipativity
constraints

s s—1
xrfliny Z(ph |:fh (xh)+cj,hy+czhzh:|)+zﬂ’; (Zh _Zh+1)
LT b=l h=1

) BB S0 he(lons], | The e minmizaton can o
Ay+Az,<d, , Vhe {1,---,3}, manner using NGBD
x,€X,,z,€Z,Vhe {1,---,5},
yeY.

29
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GOSSIP

Model Formulation

for(int j=0;j<NUM_POOLS;++j)
for(int j2=0;j2<NUM_POOLS;++j2)
if(T_PP[3i][32])
for(int h=0;h<NUM_SCEN;++h)
{
sprintf(clabel,"s PP[%d][%d][%d]", j+1, j2+1, h+1);
s PP[j][j2][h].setIndependentVariable(
++varcount,
compgraph: : CONTINUOUS,
1(e,1), i
0., DAG Representation
h+1,
clabel); Variables

}

for(int j=0; j<NUM_POOLS;++j)
for(int h=0;h<NUM_SCEN;++h)

! split_bal[j][h] = 1;
for(int j2=0;j2<NUM_POOLS;++j2)
if{T_Pi[jjgji%)][h] [31032]1[h]
split_bal[j -= s PP[j]l[]j2 H i
for(int kzﬂ;kZNUM_%ERMINMs;Lk)J ’ Constraints
if(T_PT[j1[k])
split_bal[j][h] -= s_PT[j1[k]1[h];
split_bal[j][h].setDependentvariable(++concount,compgraph: :EQUALITY);
1

30
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GOSSIP

Automatic Structure Detection

FRACTIONAL SIGNOMIAL

0)

Smith, E.M.B. et al., Comput. Chem. Eng., 1999. 31
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GOSSIP

Bounds Tightening Techniques

-

’ ~
Zz

V[0.25,1.35]

|
Lo

PSRN

V' [0.30,3.25
f\z2 ) [ ]
4
I
1
!

-

Vu, X.-H. et al., J.

Recourse Variables

iL i

XpsY,Z

s.t. g, (x,)+B,,y+B,,z <0,
Ay+Az<d,_,

x, € conv(X,),

veY, zeZ.

Complicating Variables

z"" =max min z
h  x,,y.2,
Cv
st. g, (x,)+B,,y+B,,z, <0,

Ayy+AZzh < dy’z,
x, € conv(X),),
veY,z, eZ

Global. Optim., 2009.
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GOSSIP

Relaxation Strategies

Term Relaxation

Ty McCormick envelope
g Bilinear reformulation, Quesada and Grossmann envelope
x® Secant, Liberti and Pantelides linearization

log(x) Secant

exp(x) Secant
¥ Reformulate as exp(y log(z))
|| MIP reformulation

min(z, y) Reformulate as % (z+y—|z—y|)

max(x,y)
xlog(x)
x exp(x)
TYz
TYyzw

mlﬂl . mzcz .. mncn

Reformulate as % (x+y+ |z —yl|)
Secant
Bilinear reformulation, Secant
Meyer and Floudas envelope
Cafieri et al. relaxations

Bilinear reformulation, Secant, Transformation-based relaxations

5
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GOSSIP
Upper Bounding Techniques

Lower Bounding Problem

s s—1
sug) min Z(ph [fh(xh)+c;hy+cZT’hZh])+Z:/1hT (Zh —Zh+1)
| h=1 h=1

ﬂ’l . xl 9“'9x5 aya

S.t. gh(xh)+By’hy+BZ’hzh <0, Vhe{l,---,s},
Ayy+AZzh de,z, Vhe{l,---,s},
x,€X,,z,€Z, Vhe{l,---,s},

yeY.
Upper Bounding Problem  Fix the binary variables in the
s upper bounding problem to the
xrp&ny th [ﬁz(xh)JrCyT,herczT,hZh] lower bounding solution
Zpez, Bl « Initialize the continuous second-
st g,(x)+B,,y+B,,z, <0, Vhe{l, s}, stage variables to the lower

bounding solution

Ay+dz,<d,_, Vhel{l, s}, - Initialize the continuous first-
z, =2, Vhe{l,---,s—l}, stage variables to the average

lower bounding solution
x,€X,,z, €Z, ‘v’he{l,---,s},

yeY.

34
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